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Abstract 

We construct a topological embedding of the maximal connected com- 
ponent of Bridgeland stability conditions of a (twisted) Abelian surface into 
the distinguished connected component of the stability manifold of the as- 
sociated (twisted) Kummer surface. We use methods developed for orbifold 
conformal field theories. 



1 Introduction 

Mirror symmetry and Bridgeland's stability conditions are mathematical theories 
motivated by superconformal field theories (SCFT) associated to Calabi-Yau va- 
rieties. It is a non-trivial task to give the geometric interpretation of a SCFT a rig- 
orous meaning. This is understood in the case of complex tori 0313 and progress 
has been made for certain K3 surfaces El using realizations by non-linear o mod- 
els. The case of Calabi-Yau threefolds turned out to be much harder: In fact, up to 
now there is no example of a stability condition. At least there is a concrete con- 
jecture [4]. There are also results for SCFTs on Borcea-Voisin threefolds [t3l[TTI. 
It would be interesting to study the question of quantum corrections of the central 
charge in an example. 
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We are interested in the case of (projective) Kummer surfaces. The aim is to 
lift results of [OO for the associated SCFT to the space of stability conditions. In 
section 6 we construct a topological embedding of the unique maximal connected 
component Stab^(A) of Bridgeland stability conditions of an Abelian surface A 
into the distinguished connected component Stab'(X) of the stability manifold of 
the associated projective Kummer surface X (Theorem 5.7). We show that the 
group of deck transformations of Stab' (A) (generated by the double shift) is iso- 
morphic to a subgroup of the group of deck transformations of Stab^(X) (Propo- 
sition 5.7). 

This work is based on results for the embedding of the moduli space of SCFTs 
on complex tori into the moduli space of SCFTs on the associated Kummer sur- 
faces given in [|2l 0. Crucial for this paper is the observation confirmed in 
these works that there are no ill-defined SCFTs coming from the complex torus. 
Rephrased in mathematical terms this is corollary 3.4. The important role of ill- 
defined SCFTs was rederived by Bridgeland in Ii34l . For this issue see also Il37ll . 
The mentioned embedding also holds true for twisted surfaces that include in their 
geometrical data a rational B-field B E H 2 (X, Q) (or Brauer class). Daniel Huy- 
brechts used generalized Calabi-Yau structures ll22l to describe moduli spaces of 
N=(2,2) SCFTs as moduli spaces of generalized Calabi-Yau structures in 11231 . In 
the case of a Kummer surface we have a canonical B-field for the orbifold confor- 
mal field theory [|2l that is compatible with the generalized Calabi-Yau structures. 

The paper is organised as follows: 

In section 2 we review facts about the moduli space of superconformal field 
theories for complex tori and K3 surfacs. In Section 3 we discuss the results 
of [SO for orbifold conformal field theories on Kummer surfaces. As explained 
above we use these results in section 5. Generalized Calabi-Yau structures serve as 
geometric counterpart of SCFTs with B-fields. We introduce this notion in section 
4. The results of this paper can be found in section 5. There we review the result 
of Bridgeland that a component of the space of stability conditions for algebraic 
K3 surfaces is a covering space of a subspace of the complexified even cohomol- 
ogy lattice. We use this result and the results from section 3 to study stability 
conditions in the distinguished connected component of the stability manifold of 
projective (twisted) Kummer surfaces induced from the Abelian surfaces. 
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2 Moduli spaces of superconformal field theories 

In this section we discuss the moduli space of N=(4,4) SCFTs with central charge 
c = 6. We follow in this section the version of For a pedagogical intro- 

duction see [8|. Let X be a two-dimensional Calabi-Yau manifold, i.e. a complex 
tori or a K3 surface. We have a pairing induced by the intersection product on the 
even cohomology H even (X,M.) = M 4 ' 4+5 . We choose a marking, that is an isom- 
etry H even (X, Z) = L where L is the unique even unimodular lattice Z 4,4+s with 
8 = for a complex torus and 8 = 16 for a K3 surface. In the latter case this is of 
course just the K3 lattice 4U © 2(— E%) . The moduli space of SCFTs associated to 
complex tori or K3 surfaces are given by the following 

Theorem 2.1. / fi2l7 Every connected component of the moduli space of SCFTs 
associated to Calabi-Yau 2-folds is either of the form ^ t ori = or = ~^ 16 
where: 



correspond to positive definite oriented four-planes in M 4 ' 4+<5 whose position is 
given by its relative position to the reference lattice L. 

Let us choose a marking H 2 (X,Z) = Z 3 ' 3+5 . The Torelli theorem ^ El 
then tells us that complex structures on two-dimensional complex tori or K3 
surfaces X are in 1:1 correspondence with positive definite oriented two-planes 
Q. C H 2 (X, Z) ®R = R 3 > 3+8 that are specified by its relative position to Z 3 ' 3+5 . 

Definition 2.1. Let x C H even {X, Z) <g> K be a positive oriented four-plane speci- 
fying a SCFT on X. A geometric interpretation of this SCFT is a choice of null 
vectors U°, V G H even (X, Z) along with a decomposition of x into two perpendic- 
ular oriented two-planes x = Q.±U such that U°) = (v,v) =0, = 1, 
and n_Lu°, v. 

Lemma 2.2. / [72l/ Let x C H even (X 1 Z) g)R be a positive definite oriented four- 
plane with geometric interpretation u°, V G H even {X 1 Z\ where are inter- 
preted as generators oj ~//°(X,Z) andH 4 (X^Z), respectively, and a decomposition 



x = Cl±U. Then one finds an unique 03 G H even (X , Z) ^R and Be H even (X, Z) <g)R 



^ 5 9* 0+ (4, 4 + 5; Z)\0+ (4, 4 + 5; R)/S0(4) x 0(4 + 8) . 



Points x G in the Grassmannian 



j? s = + (4,4 + 8;R)/SO(4) x 0(4 + 5) 



vvzY/z 




(2.1) 
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with co, Be H 2 (X,R) : = ff CT ™(I,l)nD 1 n(u ) 1 ,V E R+ and co 2 E R+. B 
and V are determined uniquely and ft) is unique up to scaling. 

The picture is that a SCFT associated to a Calabi-Yau 2-fold can be realized by 
a non-linear o model. It is important to note that the mentioned moduli space of 
SCFTs associated to K3 surfaces also contains ill-defined conformal field theories. 
Namely, a positive definite oriented four-plane x E corresponds to such a 
theory if and only if there is a class 8 E H even {X,Z) with 5_bc and (5, 8) = —2. 
String theory tells us that the field theory gets extra massless particles at these 
points in the moduli space and breaks down. For physical details see lfT3l . For 
complex tori there are no such ill-defined SCFTs. 

3 Orbifold conformal field theories on K3 

We are interested in SCFTs with geometric interpretations on Kummer surfaces 
coming from orbifolding of SCFTs on complex tori since later we want to induce 
stability conditions on projective Kummer surfaces from the associated Abelian 
surfaces. 

We consider a complex torus T with the standard G = Z% action and its associ- 
ated Kummer surface X. We have a minimal resolution of the sixteen singularities: 

X := TjG — YT/G. 

This resolution introduces 16 rational two-cycles which we label by ¥\ and we de- 
note their Poincare duals by E[ with i E F^. The Kummer lattice IT is the smallest 
primitive sublattice of the Picard lattice Pic(X)=NS(X) containing {E{\i EW^}. It 
is spanned by [Ei\i E¥^} and {l/2£/ e #.Ej|if C F^ ahyperplane} 11291 . (For a 
review see e.g. [14])- We want to find an injective map from the moduli space 
of SCFTs on a two-dimensional complex torus T to the moduli space of SCFTs 
on the corresponding Kummer surface X. This was done by Nahm and Wendland 
B21 |5l generalizing results of Nikulin 1(291 : 

Let % : T — > X be the induced rational map of degree 2 defined outside the 
fixed points of the Z2 action. The induced map on the cohomology gives an em- 
bedding n* : // 2 (r,Z)(2) <-> H 2 (X,Z) [US We define K := %^H 2 {T,T). 
The lattice K obeys K®U c H 2 (X,Z) c K* ©IT where K®U c H 2 (X,Z) is a 
primitive sublattice with the same rank as H 2 (X,Z). H 2 (X,Z) is even and uni- 
modular. Let fl\ , . . . , denote generators of H l (T, Z) . This embedding defines 
the isomorphism 

'Here and in the following L(2) means a lattice L with quadratic form scaled by 2. 
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y.K*/K — y IT/II (3.1) 

where Pyi = {a = (01,02,03,04) G F^o/ = 0,V7 7^ 7, it} with G {1,2,3,4}. 
Conversely, with this isomorphism we can describe the lattice H 2 (X, Z) using 

Theorem 3.1. / Ii6] 1771/ Lef A C T be a primitive, non-degenerate sublattice of 
an even, unimodular lattice T and its dual A*, with A "-y A* given by the form 
on A. Then the embedding A — > T with A^ D T = V is specified by an isomor- 
phism 7: A* /A — y V*/V such that the induced quadratic forms obey q\ = —qv°Y- 
Moreover, 

r^{(A,v)GA*©Hy(A)=v}. (3-2) 
Here / is the projection oil EL* onto L* /L. We find in our case 
H 2 (X,Z) {(k,tc) G K*®Tl*\y(k) = ft}. 
Hence H 2 {X, Z) is generated by 

1. ^// 2 (r,z) =// 2 (r,z)(2), 

2. the elements of the Kummer lattice n, 

3. and forms of the form \it*(jJ.j A fXk) + \ Y,ieP k Ei- 

Let v° respectively v be generators of H°(T,Z) respectively H 4 (T,Z). The 
next step to find the geometric interpretation of the orbifold conformal field the- 
ory of a SCFT on a two-dimensional complex torus is to note that n*v,n*v° G 
H even (X, Z) generate a primitive sublattice with quadratic form 




The minimal primitive sublattice K containing n*H even (T,Z) C H even {X,Z) thus 
obeys 

k*/k = k*/k xzl = rr/n x z\. 
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By theorem |3~T1 this means that K and n cannot be embedded in H even {X,Z) as 
orthogonal sublattices. Hence H°(X,Z) ®H 4 (X,Z) cannot be a sublattice of K. 
We choose as generators of H (X, Z) and H 4 (X : Z): 



v 



1 



(3.3) 



We define := — +2?;, where _L K. 

Lemma 3.2. |5|/ 77ze lattice generated by V, V° and 



l -K^j A li k ) + i £ / G FU and {4 / e Fj } (3.4) 



4,20 



is isomorphic to Z 

In [|2l [51 [61 it is argued that this is the unique embedding which is com- 
patible with all symmetries of the respective SCFTs. Using the generators 
given in Lemma 13.21 we can regard a positive definite, oriented four-plane x C 

H even {T, Z) <g> R as a four-plane in # eve " (X, Z) ® R. 

Theorem 3.3. /[2] 0/ For a geometric interpretation of a SCFT xj = £11.15 on 
a complex torus T with co,Vt,Bt as in Lemma 12.21 the corresponding orbifold 
conformal field theory x = 7I*Q.-L7Z*U has a geometric interpretation v, V with 
K*(D,V = ¥^,B where 



B 



1 1 

-n*B T + -B Zl 

1 



(3.5) 



Proof. Using the embedding H even {T, Z) <g> R ^ H even {X, Z) 
I3.2l we calculate 

7r*(co- (B T ,(o)v) = n*co-(n;*B,co)v, 



given in Lemma 



-rc* u u + fl r + W — - LB 



v u + -n,B T + -B 2 



+ 



V T 1 
Y~ 2 



1 1 

-n*B T + -B z 



v. 



This proves the theorem. 



□ 
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For chapter 5 the following observation is crucial: 



Corollary 3.4. $ \5H Let x = ic*Q±n*U c H even (X,Z) g)R be the four-plane 
induced from a positive-definite, oriented four-plane xj = Q-LU C H even (T,7*) <g> 
R as in Theorem 13.31 Then x 1 - nH even (X, Z) Joe* not contain (-2) classes. 

Proof. Let Q. be the positive-definite, oriented two-plane defined by the complex 
structure for the torus T. We choose a basis of the orthogonal complement jr 1 C 

# eve "(X, Z) <g> R. For example: 

1. Ei + ±v,ieW$, 

2. 7[*T} i -{n*r] i ,B)v,i= 1,...,3, 

3. 1)° + ^- (v + i H.BII 2 ) i). 

The r/,-,z = 1,...,3 are an orthogonal basis of the orthogonal complement of 
span K (co,^) in H 2 {T,Z) cg)R. Then the 7T*T],-,z = 1,...,3 build together with 
the sixteen E^i e F2 an orthogonal basis of the orthogonal complement of 
span R (7T*G), in H 2 {X,Z) ®R with CO as in Lemma [2T2l B is as in Theo- 
rem |3.3[ Note that (Ei,Ei) = —2 but E\ is not an element of our lattice. If we then 
try to build a (-2) class in x L from our ansatz we run into contradictions. □ 

4 Generalized Calabi-Yau Structures 

In this section we introduce generalized Calabi-Yau structures of Hitchin [22J fol- 
lowing |23l|4T]|. This is also relevant for stability conditions on twisted surfaces 
as we will see in section 6. 

The Mukai pairing on the even integral cohomology H even {X,Z) = 
#° (X , Z) © # 2 (X , Z) © # 4 (X , Z) is defined by 

((ao,a 2 ,a 4 ), (^0,^2,^4)) := -«o Ab 4 + a 2 Ab 2 - a 4 Ab . 

For an Abelian or K3 surface X the Mukai lattice is H even (X,Z) equipped with 
the Mukai pairing that differs from the intersection pairing in signs. Note that the 
hyperbolic lattice U with basis U, U° is isomorphic to —U via 

v 1 — > —V, 

From now on we will work in the Mukai lattice. 
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Definition 4.1. Let Q. be a holomorphic 2-two form on an Abelian or K3 surface 
X defining a complex structure. For a rational B-field B G H 2 (X,Q) a generalized 
Calabi-Yau structure on X is given by 

(p := exp(B)Q = Q. + BAQ. G H 2 (X)®H 4 (X). 

We define a Hodge structure of weight two on the Mukai lattice by 

H 2 '°(X) :=C[<p] 

We write H(X,B,Z) for the lattice equipped with this Hodge structure and the 
Mukai pairing. 

Definition 4.2. Let <p = exp(B)Q. be a generalized Calabi-Yau structure. The 
generalized transcendental lattice T(X,B) is the minimal primitive sublattice of 
H 2 {X,Z) ©H 4 (X,Z), such that <p G T{X : B)®€. 

T(X,0) = T(X) = NS(X)^ is the transcendental lattice and NS(X) = 
H l ' 1 (X)nH 2 (X 1 Z)is the Neron-Severi lattice. 

Definition 4.3. Let X be a smooth complex projective variety. The (cohomo- 
logical) Brauer group is the torsion part of H 2 (X, in the analytic topology: 

Br(X)=H 2 (X 1 0* x ) to M 

For an introduction to Brauer classes see ll24ll or E51 . Eventually we intro- 
duce twisted surfaces: 

Definition 4.4. A twisted Abelian or K3 surface (X,a) consists of an Abelian or 
K3 surface X together with a class a G Br(X) . Two twisted surfaces (X, a), (Y, a') 
are isomorphic if there is an isomorphism / : X = Y with f*a' = a. 

The exponential sequence 

— ► Z — v0 x — > &x — ► 1 

gives the long exact sequence 

— ^// 2 (X,Z) — >H 2 (X^ X ) — >H 2 (X,/ff x ) — >H 3 (X,Z) — > . 

For an Abelian or K3 surface Hi(X, Z) and therefore H 3 (X, Z) is torsion free. So 
an n-torsion element of H 2 (X, & x ) is always in the image of the exponential map 

2 Equivalently, we could define the Brauer group as the torsion part of H^,(X, 0%) in the Etale 
topology. 
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for a B ' 2 £ H 2 (X, @ x ) such that nB oa £ H 2 (X,Z) for a positive integer n. For a 
rational B-field BeH 2 (X,Q) we use the induced homomorphism 

B:T(X) — ► Q 

7 1 — > / Y AB 



x 

(modulo Z) to introduce 

T(X,a B ) := fer{5: r(X) ^ Q/Z} . (4.1) 
The details can be found in Il2~3ll2~7l . 



5 Stability conditions on Kummer surfaces 

We have an embedding of the moduli space of orbifold conformal field theories 
corresponding to SCFTs associated to Kummer surfaces in the moduli space of 
SCFTs on K3 surfaces. We are interested in the question if this embedding has a 
lift to Bridgeland stability conditions. In the following we show that this is indeed 
the case. 

The abstract lattice Z 4,20 is isometric to the even cohomology lattice 
H even (X,Z) equipped with the Mukai (or intersection) pairing such that the gener- 
ators v° respectively v of the hyperbolic lattice U are identified with 1 £ H°(X, Z) 
respectively [pt] £ H 4 (X,Z) (using Poincare duality). The lattice Z 4 ' 20 is also iso- 
metric to the lattice defined in Lemma lX2l We will switch in this section between 
these isometries. 

Moduli spaces of N=(2,2) SCFTs can be seen as moduli spaces of generalized 
Calabi-Yau structures Il23ll . Since we have an embedding of orbifold conformal 
field theories it is natural to ask if there is a relation between the structures we in- 
troduced in section 4 for an Abelian surface A and the associated Kummer surface 
X = Km A. 

Lemma 5.1. Let (A, 0Cg A ) be a twisted Abelian surface and (X, ag) the associated 
twisted Kummer surface with B-field lift B& £ H 2 (A, Q) as described above and B 
as in Theorem \3.3\ Then we have a Hodge isometry T(A,Ba)(2) = T(X,B). 

Proof For a rational B-field B we have a Hodge isometry 

T{X,a B )^T(X,B) 
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This was proven for K3 surfaces in Il23ll and also works for Abelian surfaces. 
The isomorphism in Theorem 13.11 defined by the map CO) sends 7t*H 2 (T,Z) 
to n*H 2 {T, Z). We know that the ordinary transcendental lattices of an Abelian 
surface A and its Kummer surface X are Hodge isometric (up to a factor of 2) 

mm 

T(A)(2) = T(X). (5.1) 

The Hodge isometry (15.11) can be enhanced by 04. 1 1) to a Hodge isometry 
T(A,a BA )(2)^T(X,a B ). ' " □ 

So we have natural isometries of the above transcendental lattices for B-fields 
associated with orbifold CFTs. Compare also [1301 . 

Let us first consider unwisted surfaces with B-field B G NS(X) (g)R. We con- 
sider a algebraic K3 surface X following 041 and use the Mukai pairing on the 
integral cohomology lattice. We denote the bounded derived categories of coher- 
ent sheaves onXbyD b (X) :=D b (CohX). LetNS(X) be the Neron-Severi lattice. 
We introduce the lattice jV(X) = H°(X,Z) ®NS(X) ®// 4 (X,Z). Recall that the 
Mukai vector v(E) of an object E G D (X) is defined by 

v(E) = (r(E),d(E),s(E)) = ch(E)y/td(X) G jV{X) 

where ch(E) is the Chern character and s(E) = ch2(E) +r(E). We define an open 
subset 

consisting of vectors whose real and imaginary part span positive definite two- 
planes in jV{X) <g>R. £P(X) consists of two connected components that are ex- 
changed by complex conjugation. We have a free action of GL + (2, E) by the 
identification ^V{X) ® C = JV(X) ® R 2 . A section of this action is provided by 
the submanifold 

£(X) = {U G &(X) | (U, U) = 0, (0, 0) > 0, r(U) = 1} C Jf(X) ® C. 

r(U) projects U G Jf(X) ® C into H°(X,C) ■ We can identify £!(X) with the tube 
domain 

{B + i(0 ENS(X) ®C\(D 2 > 0} 

by 

U = exp(B + ico) = u°+5 + ?'£t) + ^(5 2 -£t) 2 )u + i(5,£t))u 
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with v° = 1 G H°(X, Z) and V = \pt]e H 4 (X, Z). We denote &>+(X) C &>{X) the 
connected component containing vectors of the form exp(B + ico) for an ample E- 
divisor class w G MS(X) <g> E. Let A(Z) = {8 G (5, 5) = -2} be the root 

system. For each 5 G A(Z) we have a complex hyperplane 

8^~ = {13 G «yf(X) <8>C| (U, 5) = 0} c JV{X) g> C. 

We denote by 

&>+(x) = &> + (x)\ (J 8 ± c<sY(x)®c. 

8eA(x) 

Note that there are no spherical objects in D h (A) on an Abelian surface A OT1 . 

Proposition 5.1. Let A be an Abelian surface and X = Km A the corresponding 
Kummer surface. Then we have an embedding & + (A) &q(X). 

Proof An element of & + {A) is of the form exp(B + ico) o g for g G GL+(2,E), 
B G NS(A) <g> E and co G jVS(A) <g> E with w 2 > |ED. Let 71* be the map induced 
by the rational map % : A — VX, The action of GL + (2, E) and the map 7T* commute. 
By Lemma 13721 we have an injective map 

• . H even^ ^ ^ R ^ H even {X, Z) ® E. (5.2) 

The 2-plane Q. given by the complex structure of the Abelian surface A defines 
the complex structure on X by the 2-plane Therefore ^V{A) is mapped to 
JY(X) and we get an induced map form £P(A) to £P(X). The proof of Theorem 
[3731 shows that vectors of the form 1 /2n*(exp(B T + ico)) for B Tl co G NS(A) <g> E 
are sent to vectors 

1 / (\ \ 2 \ . J\ /_ 1 



u u +5 + - B z - -^(0 Ifi + il -^a)+^fl,-OT*fl)>« J (5.3) 



in ,jV{X) <g) C with B as in Lemma I57T1 The elements of jV{X) are contained in 
the orthogonal complement of H 2,0 (X) = C[n*Q] where n*Q. = n*Q.{ + in*Q.2^ 
By corollary 13. 41 we know that there are no roots of H even (X, Z) in the orthogonal 
complement of the 4-plane spanned by 7T*^i,7T*Q2 and the real and imaginary 
part of a vector of the form (15.3[) in H even (X,Z) (g)E. Since 7T*Ct) is an orbifold 
ample class in the closure of the ample cone, this proves the proposition. □ 

The results of [34j can be generalized for twisted surfaces 113611 . Any 
class a G Br(X) = H 2 (X 

> &x)tor can De represented by a Cech 2-cocycle 
{ (Xijk G T(Ui fl Uj D Uk, &x) } on an analytic °P en cover {{/,■} of X. 



3 By abuse of notation we denote the holomorphic two-form defining the complex structure and 
the 2-plane defined by it with the same symbol. 
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Definition 5.1. An (GCyfc) -twisted coherent sheaf E consists of pairs ({Ej} , { <P; y }) 
such that Ei is a coherent sheaf on £/ ( - and : -E^lz/^n?// ~~ ^ ^i|f/,nt/ ; arQ isomor- 
phisms satisfying the following conditions: 

1 . (pu = id 

2. (p„ <p (/ 1 

3. (PijO<p jk o(p ki = CCijk-id. 

We denote the equivalence class of such Abelian categories of twisted coherent 
sheaves by Coh(X, a) and the bounded derived category by D b {X, a). For details 
consult ll24l . For a realization of the following notions one has to fix a B-field 
lift B of the Brauer class a such that a = oc B = exp(B°> 2 ). The twisted Chern 
character 

ch B :D b (X,a B ) — >H(X,B,Z) 

introduced in iHTj identifies the numerical Grothendieck group with the twisted 
Neron-Severi group NS(X,a B ) := H > (X,1?,Z). As in the untwisted case we 
denote by 

^(X,a B ) cNS(X,a B )®C 

the open subset of vectors whose real and imaginary part span a positive plane 
in NS(X,a B ) ®R. Let ^ + (X,a s ) C £P(X,a B ) be the component containing 
vectors of the form exp(B + ico), where B e H 2 (X,Q) is a B-field lift of a and 
co a real ample class. NS(A,a BA ) is embedded into NS(X,a B ), since we have 
n*Q. + (5, n*Q.) v = n*(Q. + (Ba, O) v). Therefore Proposition 5.1 generalizes 
with similar arguments as above to 

Proposition 5.2. Let (A, a BA ) be a twisted Abelian surface and (X, a B ) the twisted 
Kummer surface with X the Kummer surface of A and B-field lifts as in Lemma |5~T1 
Then we have an embedding i^ + (A, oc Ba ) <— > &q(X, a B ). 

5.1 Bridgeland stability conditions 

Bridgeland introduces stability conditions on a triangulated category *3) OTTl . For 
a review see 11331 . In our case this will be the bounded derived categories of 
coherent sheaves D b (X) := D b (CohX) on an Abelian or a K3 surface X. We 
denote by K{2>) the corresponding Grothendieck group of @. 

Definition 5.2. [31 ] A stability condition on a triangulated category consists 
of a group homomorphism Z : K(3>) — > C called the central charge and of full ad- 
ditive subcategories ^(0) C @) for each e R, satisfying the following axioms: 



12 



1. if / £ G ^(0), then Z(E) = m(E)exp(i7i<j>) for some m[E) G R >0 ; 

2. gi,^+i) = ^(0)[!]; 

3. if 0i > 02 and Aj G 3 s (Qj), then Horn® (A i,A 2 ) = 0; 

4. for ^ £ G S, there is a finite sequence of real numbers 0i > • • • > W and 
a collection of triangles 

Ei-i^Ei^A, 
with E = 0,E n = E and A; G for all j. 

A stability function on an Abelian category ^ is a group homomor- 
phism Z : K(&/) — >■ C such that for any nonzero £ G Z(£') lies in // := 
{0 ^ z G C|z/ |z| = exp(iK(j)) with < < 1)}. 

Definition 5.3. |[3~2ll A t-structure on a triangulated category S) is a pair of 
strictly full subcategories (^-°, ^-°) such that with <2>- n = @-°[-n] and 0-" = 
^°[-n]: 

1. C 9^ and ^ c S^°, 

2. Hom(X,Y) = forX G Ob &-°,Y G Ob <2>- 1 , 

3. For any X eOb £1 there is a distinguished triangle A —>X—tB—}A[l] with 
AeOb^fieOb^ 1 . 

The heart of the t-structure is the full subcategory fl . Important for 
the construction of stability conditions is 

Proposition 5.3. 071/ To give a stability condition on a triangulated category 2> 
is equivalent to giving a bounded t-structure on 3> and a stability function on its 
heart which has the Harder-Narasimhan property. 

We recall some results of [f3TTl . The subcategory ^(0) is Abelian and its 
nonzero objects are said to be semistable of phase for a stability condition o = 
(Z, . We call its simple objects stable. The objects A, in Definition 15.21 are 
called semistable factors of E with respect to a. We write := 0] and ty^ := n . 
The mass of E is defined to be m a (E) = |Z(A ; ) | G R. A stability condition is 
locally-finite if there exists some e > such that for all G R each quasi-Abelian 
subcategory ^((0 — e, + e)) is of finite length. In this case ^(0) is of finite 
length and every semistable object has a finite Jordan-Holder filtration into stable 
objects of the same phase. 
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The set Stab (St) of locally finite stability conditions on a triangulated category 3) 
has a topology induced by the generalised metricQ: 

d{p x , a 2 ) = sup ^EeS> 1 1 0C72 ( E ) ~ ( E ) I » 1 0<J ( £ ) - 0<J ( £ ) 

There is an action of the group of auto equivalences Aut(3 l ) of the derived cate- 
gory S> on Stab(3>). For o = (Z, ^) G Stab(^) and 4> G Aw?(^) define the new 
stability condition 4>(<j) = (Zo^" 1 ,^') with ^"(0) = 4>(^(»). Here 4>* is 
the induced automorphism of K(@) of 4>. Note that auto equivalences preserve 
the generalised metric. 

The universal covering GL+ (2, R) of GL + (2, R) acts on the metric space Stab(@) 

on the right in the following way: Let (G,/) G GZ + (2,M) with G G GL+(2,M) 
and an increasing function / : R — y R with /(0 + 1) = /(0) + 1 such that 

Gexp(i7U(j)) / \exp(iicQ)\ = exp(2iicf(Q)) for all G R. A pair (G,/) G GZ + (2,R) 
maps a = (Z, ^) G Stafc(^) to (Z',/ 5 ') = (G^oZ,^o/). 

The subgroup C GL+(2,R) acts freely on Stab(S>) for a triangulated category 
^ by sending a complex number A and a stability condition (Z, to a stability 
condition (Z ; , where Z'(£) = exp{-inX)Z{E) and ^'(» = «^(0+/?e(A)). 
Note that this is for A = n G Z just the action of the shift functor [«]. 

We are interested in the bounded derived category of coherent sheaves D h (X) 
on a smooth projective variety X over the complex numbers. In this case we say a 
stability condition is numerical if the central charge Z : K(X) — y C factors through 
the quotient group jY(X) = K(X)/K(X) ± . Let us write Stab(X) for the set of 
all locally finite numerical stability conditions on @ b (X). The Euler form % is 
non-degenerate on ^V{X) ® C, so the central charge takes the form 

Z(E) = -x(p(e)AE)) 

for some vector p(o) G <JY(X) <8>C, defining a map p : Stab(X) — y ^V{X) ® C. 
We have the following important theorem 

Theorem 5.2. 071/ For each connected component Stab*(X) C Stab(X), there is 
a linear subspace V C >sV{X) ® C smc/z ?/za? 

p:Stab*(X) — ► <g>C 

ZS a /oca/ homeomorphism onto an open subset of the subspace V. In particular, 
Stab*(X) is a finite-dimensional complex manifold. 

4 This generalised metric has the usual properties of a metric but can take the value °°. 



log 



m a2 (E) 
m a AE) 
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We have the following description of the stability manifold for algebraic K3 
surfaces: 

Theorem 5.3. / TJ?1/ There is a distinguished connected component Stab^(X) C 
Stab(X) which is mapped by p onto the open subset £Pq(X). The induced map p : 
Stab^(X) — > £Pq(X) is a covering map. We denote by AutQ(D b (X)) the subgroup 
of cohomological trivial auto equivalences ofD b (X) which preserve the connected 
component Stab\X). AutQ(D b (X)) acts freely on Stab^(X) and is the group of 
deck transformations of this covering. 

The main difference in the case of Abelian surfaces is the absence of spherical 
objects. In fact there are no ill-behaved SCFTs on complex tori. For an Abelian 
surface A the Todd class is trivial thus the Mukai vector of an object E e D b (A) is 

v(E) = (r(E), Cl (E),ch 2 (E)) E^{A) = H (A,Z)®NS{A)®H A (A 1 Z). 

We define & + (A) C JV{A) ® C to be the component of the set of vectors which 
span positive-definite two-planes containing vectors of the form exp(B + ico) with 
B, (0 e NS(A) <g> R and co ample. 

Theorem 5.4. / [34l/ Let A be an Abelian surface. Then there is a connected 
component Stab^(A) C Stab(A) which is mapped by p onto the open subset 
^ + (A) C <jV(X)®£, the induced map 



is the universal cover, and the group of deck transformations is generated by the 
double shift-functor. 

The fundamental group ni(£P + (A)) = Z is generated by the loop induced by 
the C* action on s (A). 

We give an example of a stability condition on an algebraic K3 or an Abelian 
surface. For this we have to introduce a little more machinery. The standard 
t-structure of the derived category of coherent sheaves of a smooth projective va- 
riety has as its heart the Abelian category of coherent sheaves. For a K3 surface 
slope stability with this t-structure defines no stability condition since the stability 
function for any sheaf supported in dimension zero vanishes. The next simplest 
choice is the t-structure obtained by tilting [|39ll . For details see OTTl . 

Definition 5.4. A torsion pair in an Abelian category stf is a pair of full subcate- 
gories satisfying 




(5.4) 



1. Hom^{T,F) = for all T G ST and FG=f; 
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2. every object E G srf fits into a short exact sequence 

— >T — >E — > F — >0 

for some pair of objects T G and F G J?. 

Then we have the following 

Proposition 5.4. / TJPl/ Le? &e ?/ze Ziear? o/ a bounded t-structure on a trian- 
gulated category S>. Denote by H'(E) G srf the i-th cohomology object of E with 
respect to this t-structure. Let {3?,^) be a torsion pair in Then the full 
subcategory 

£f* = {Ee 9\H\E) = Ofor i £ {-1,0}, H- l (E) G &,H°(E) G ST) 
is the heart of a bounded t-structure on <3). 

We say stf* is obtained from srf by tilting with respect to the torsion pair 

Let CO G NS(X) ®M be an element of the ample cone Amp(X) of an Abelian 
or an algebraic K3 surface X. We define the slope jU ffl (£) of a torsion-free sheaf E 
on X to be 

Cl (E)-co 

Let be the category consisting of sheaves whose torsion-free part have 
jUco-semistable Harder-Narasimhan factors with jU ffl > B ■ CO and & the category 
consisting of torsion-free sheaves with /^-semistable Harder-Narasimhan factors 
with \i a < B - CO. (2?, J^") defines a torsion pair. Tilting with respect to this torsion 
pair gives a bounded t-structure on D (X) with heart £^{B, CO) that depends on 
B ■ co. As stability function on this heart we choose 

Z(B,a»(E) = (exp(B + ico),v(E)). (5.5) 



Note that the central charge (15.51) is of the form guessed by physicists by mirror 
symmetry arguments. For a Calabi-Yau threefold we expect quantum corrections 
for this central charge [|40ll . 

Proposition 5.5. / TJ?1/ The pair (Zfg )£0 ) , srf (B, co)) defines a stability condition if 
for all spherical sheaves E on X one has Z(E) ^ R<o. In particular, this holds 
whenever co 2 > 2. 
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We denote the set of all stability conditions arising in this way by V(X). We 
denote by A+(X) C A(X) elements 5 E A(X) with r(S) > 0. We define the fol- 
lowing subset of J2(X) 

Sf{X) = {a = exp(B + ico) E J3(X)\(0 E Amp(X), (Q., 8) £ IR<o, V5 G A + (X) } . 
The map p restricts to a homeomorphism ll34ll 

p:V(X) — >&(X). 

We use the free action of GL+(2,R) on V(X) to introduce U(X) := V(X) ■ 

GL+(2,R). The connected component Stab^(X) is the unique one containing 
U(X). U(X) can be described as the stability conditions in Stab^(X) for which 
all skycraper sheaves G p are stable of the same phase [31]. Since we have no 
spherical objects on an Abelian surface A in this case we have Statf (A) =U{A). 

We say a set of objects S C D b (X) has bounded mass in a connected com- 
ponent Stab*(X) C StabiX) if sup {m (E)\E E S} < °° for some point o E 
Stab*(X). This implies that the set of Mukai vectors {v(E)\E E S} is finite. We 
have a wall-and-chamber structure: 

Proposition 5.6. / Ti?l/ Suppose that the subset S C D b (X) has bounded mass in 
Stab*(X) and fix a compact subset B C Stab*(X). Then there is a finite collec- 
tion \Wy\yE r} of real codimension-one submanifolds ofStab*(X) such that any 
component 

CCB\\JW Y 

yer 

has the following property: if E E S is O—semistable for o E C, then E is O- 
semistable for all o EC. Moreover, ifE E S has primitive Mukai vector, then E is 
G-stable for all o EC. 

Using this result Bridgeland proved the following theorem for the boundary 
dU(X) of the open subset U(X) that is contained in a locally finite union of 
codimension-one real submanifolds of Stab(X): 

Theorem 5.5. / TJ?1/ Suppose that o E dU (X) is a general point of the boundary 
of U(X), i.e. it lies on only one codimension-one submanifold of Stab (X). Then 
exactly one of the following possibilities holds: 

1. There is a rank r spherical vector bundle A such that the only o-stable 
factors of the objects {<ff p \p E X} are A und Ta(& p ). Thus the Jordan- 
Holder filtration of each G p is given by 

— >A® r — > G p — > T A (0 P ) — > 0. 
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2. There is a rank r spherical vector bundle A such that the only o -stable 
factors of the objects { & p \p G X } are A [2] and T A ~ l (0 p ). Thus the Jordan- 
Holder filtration of each ff p is given by 

— > T A \G P ) ^G P ^ A® r [2] — > 0. 

5. 77zere are a nonsingular rational curve C CX and an integer k such that p 
is o -stable for p ^ C and such that the Jordan-Holder filtration of & p for 
p EC is 

— > tf c (*+i) — >• <? P — >• <?c(*) [i] — > o. 

Here Ta (B) is the Seidel-Thomas twist of B with respect to the spherical object 
A ||42l. 

5.2 Inducing stability conditions 

Let A be an Abelian surface and X = Km A the associated Kummer surface. 
Then Proposition 15.11 and Theorem 15.31 imply that for every z G i(& + (A)) there 
is a stability condition a G Stab^(X) with p(o) = z. Here i is the injective 
linear map defined in the proof of Proposition 15.11 and we consider the map 
p : Stab*(X) — > ^(X) <8> C. We observed in Theorem [33] that a four-plane defin- 
ing a SCFT on a two-dimensional complex torus T with B-field Bj and Kahler 
class CO is mapped to a four-plane defining a SCFT with B-field B = jK^Bj + \B%. 
k*CQ is an orbifold ample class orthogonal to the 16 classes {E^ , i G F^. ft* CO is 
an element of the closure of the ample cone Amp(X) = Nef(X). We assume 
CO 2 > 1. By the covering map property there is a stability condition a with 
k{o) = exp(B + in*Cd) on the boundary of U(X). Since this stability condition 
lies on the boundary of U (X) there must be some points p G X such that G p is 
unstable with respect to o. Every (-2) curve defines a boundary element of U(X) 
as in the third case of Theorem 15.51 11431 . This gives 

Lemma 5.6. Let exp(B + in*®) G i(£P + (A)) be as in Proposition 15 . 1 1 with CO 2 > 
1. Then there is a stability condition o G dU(X) with 7l(o) = exp(B + in*®). 
This o is an element of the codimension-one submanifolds associated to the 16 
exceptional divisor classes. 

The covering p : Stab\X) -» ^(X)) is normal 051 . 

Proposition 5.7. There is an injective map from the group of deck transformations 
of Stab 1 (A) to the group of deck transformations of Stab 1 (X). 
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Proof. The fundamental group 7Ti(^ + (A)) = n x (GL+(2, E)) = Z is a free cyclic 
group generated by the loop coming from the C* action on £P + (A). This is 
represented by a rotation matrix in GL + (2,M). We choose base points /,/' and 
o E Stab^(X) with p(o) = I'. The induced map 

Wl (^(A),Z)— ►*i(^o + (*).0 

is injective since the map 7T* and the action of GL + (2, R) commute. The triv- 
ial element of 7l\(£P + (A)J) is the only normal subgroup mapped to the normal 
subgroup p*(jci(Starf(X),a) of m(0>£(X) y l'). □ 

From the discussion of the SCFT side of the story we expect that there is 
an embedding of the connected component Stab^(A) into the distinguished con- 
nected component Stab^(X). 

Theorem 5.7. Let Stab^(A) be the (unique) maximal connected component of the 
space of stability conditions of an Abelian surface A and Stab^(X) the distin- 
guished connected component ofStab(X) of the Kummer surface X= Km A. Then 
every connected component of p (i(& + (A))) is homeomorphic to Stab^(A). 

Proof. Since we have a homeomorphism i(£P + (A)) = & + (A) the fundamental 
group Tt\(i(^ + (A))) = Z is also a free cyclic group. Note that 3 d+ (A) is path 
connected and locally path connected. We consider a path component of the cov- 
ering space p (A))) which is again a covering space. Since the generator 
of iZ\(i(& + (A))) lifts to the double shift functor [2] a path connected component 
of this covering space is simply connected and is thus isomorphic to Stab^(A). □ 

Note that deck transformations except double shifts exchange the components 
of p- l (i(& + (A))). Theorem IO defines embeddings Statf(A) <-> Stab\X). In 
fact, we get one embedding up to deck transformations by the uniqueness of lifts. 
We construct this embedding topologically. A functor embedding Stab 1 ' (A) into 
Stab\X) was described in IH31 . 

Remark 5.1. For a twisted Abelian surface (A, ccb a ) and the twisted Kummer sur- 
face (Km A, 0£g) with B-field lifts as in Lemma \57[\ a similar statement to Theorem 
\5J\ holds true. 
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